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ABSTRACT

This publication describes and evaluates a computer
program useful for the statistical processing of bivar-
iate data fields expressed in polar coordinates.



FOREWORD

An IBM 7070 computer program is described. This program is used
by the U. S. Naval Oceanographic Office for the statistical processing
of bivariate data fields expressed in rose form. The program logic is
explained and the quality of the program is evaluated.

Scientific institutions desiring more specific information concerning
this program are invited to write to the U. S. Naval Oceanographic
Office.
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A STATISTICAL ROSE PROGRAM

I. INTRODUCTION

An IBM 7070 computer program is available which will calculate
five parameters of frequency distribution over a two dimensional field
(the components of the vector mean, the components of standard
deviation along the principle axes of the distribution, and the inclination
of the major axis), given either raw data, or vector sums and vector
sums of squares of data, or processed roses. Having calculated the five
parameters of distribution density, the program then integrates fre-
quencies in the polar coordinates of the bivariate, tabulating frequencies
for as many as six interval groups in eight cardinal directions,
assuming normal distribution.

The program has several uses:

1. It may be used for the statistical processing of any kind of rose,
including wind roses, sea and swell roses, current roses, cyclone
roses, etc. Program application is not limited to velocity fields. The
program may be applied to any bivariate field for which sampling
distribution may be normal and elliptical.

2. The program may be used for the statistical processing of
roses for which data are insufficient to conclude that a rose based on
raw data is representative. The program calculates the parameters
of distribution density associated with the data rose and produces a
statistical rose with the same parameters. Assuming that the data
sampling is random and sufficient for calculating representative
parameters of distribution and that an infinite random data sampling
would yield a normal elliptical frequency distribution field, the statisti-
cal rose may be regarded as representative for the rose station. In
established study routines, statistical roses have been generated
assuming that samples of twenty or more observations per station
are adequate to yield representative parameter values but that samples
of less than a hundred observations would not be adequate to yield a
representative rose using standard methods.

3. Under certain circumstances the program may actually be used
to calculate statistical roses for places where no data are available.
Since the program is designed to calculate a statistical rose from
five parameters of distribution density, these five parameters may
be fed to the program as data to yield the corresponding statistical



rose. For an area with scattered stations one may interpolate by
analysis procedures the five parameters to be used as data for those
places with no data sampling.

4. The program may be adjusted to yield arbitrary speed-interval
classes for the processed rose. The data rose may thus be processed
for speed-interval classes which differ from those given with the
rose. If, for example, the speed-interval breakdown of Weather Bureau
data differs from a standard speed-interval format, such data may be
processed to represent standard speed intervals by employing this
program.

5. The program may be used to test the assumption graphically
that large bivariate data samplings tend toward normalcy of distribution.

U. PROGRAM SPECIFICATIONS

The program was written in the IBM 7070 4-tape autocoder language
so that maximum use could be made of efficient logic and fixed point
arithmetic operations. The program occupies 3572 memory storage
addresses at the time of this publication, including the IBM input-
output subroutine package, and data fields.

The program generally requires twelve to fifteen seconds to process
a rose. The frequency integration routine accounts for most of the
time required for the production of a rose. Only a few milliseconds
are required, in general, for calculating the distribution density para-
meters of a rose, assuming that the data rose input format is used.
Since the machine rents for $2.50 per minute, machine cost for a
single rose ranges between fifty and seventy cents.

Special routines written for the IBM 1401 are used for reading data

cards and listing the completed rose.

IU!. PROGRAM LOGIC

A. Calculating the vector mean, vector variance and covariance:

1. *Raw" data: Given raw data consisting of two vector compo-
nents per sample (cartesian or polar coordinates,) a subroutine may
be employed which calculates the sum of components, the sum of the
squares of components and the sum of component cross-products in
the cartesian coordinate system.
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Suppose that a raw data format is available which expresses wind
data in degrees from north and knots. The subroutine sums and counts

successive data samples and calculates the components of the vector
mean, vector variance, and covariance according to the formulae:

Vxj = vj sin Gj (1)

Vyj = vj cosn j (2)

- I
v x . "I xj (3)

1(4)

S Iv2 -V (5)

S Vy1 V2 (6)

coy a •Vjv" - (7)

where N: Total frequency of observations

j: The jth data sample
a Degrees from north of the jth data sample

vj: speed (knots) of the Jth data sample

x: The east-west coordinate axis
y: The north-south coordinate axis

X: The X-component of the vector mean

v : The Y-component of the vector mean
y
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Sx : The X-component of the vector variance

S : The Y-component of the vector variance

coy: The covariance of the X-Y components

2. Data rose: Given a data rose, wherein raw data has previously
been tabulated in specified speed-interval classes for the eight cardinal
directions; the vector mean, vector variance and covariance may
be calculated using the formulae:

I vd - •IN rid

Vd I ai2 Fid (d a N. NE. E.....NW)

L- )w +0.70711tv~. ~ ~ l
-x 1N VE - 1 uW [I vNE I SW) IvSE I vNWjj

- 1

YN- N V) + 0.70711 [, 1v' - rvw• - ,I.SE - EvNW)]}

then 52 vv

V y - - -

~~~•V V + .,+ .5 V I

x~~~o x vv E-(VN V W E M

V y V y (10)
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where i: the ith speed group in
d: the dth direction class

a, : the midpoint speed in the ith speed group

Fid : the frequency of observations in the (i-d)th
speed-direction group

Because the centroid of distribution in a speed-direction group
is not generally coincident with the point of intersection of the group
midpoint speed and the ray bisecting the octal direction class, this
method of calculating distribution parameters may not yield wholly
accurate results. This method characteristically exaggerates the distri-
bution spread, for instance, producing an overestimate for the scalar
mean velocity and the vector variance. Functions may be applied which
will approximately correct for the interval errors intrinsic in this
method; however, the program does not presently incorporate these
correction functions.

B. Calculating the inclination of the principle axes of the distribution
and the components of standard deviation along the principle axes
of the distribution: The equations used for calculating the parameteri
of the distribution were derived from equations provided in *An
Introduction to the Theory of Statistics."*

2 2
Let K S +S (11)

x y

K =S -S ()
2 x y

L z (K2 2 + 4cov)2 (13)

then E = [O.S(K + L)] (14)

E 2 u (K 1 - (15)

* G. U. Yule and M. G. Kendall, "An Introduction to the Theory of

Statistics," Edition 13; Charles Griffin & Company. Limited; London@
1949, chapter 12, pp. 227-232.



Where E The component of standard deviation along
the major axis of the distribution

E : The component of standard deviation alongthe minor axis of the distribution

Let Of represent the angle included between the X-coordinate and one
of the principal axes of the distribution. Then

tan 20' 2 Zcov / K2

or O' a 0.5 arctan (2cov/ K2 ) (16).

If K2 )0, let 0 0 of ; otherwise letO = O' + 900. If K = 0, then if
cov< 0, 0 a -450; otherwise 0 x +450. Then 0 identifies tie major axisof the distribution.

C. Integrating frequencies for the normal surface within the
limits of specified direction and speed classes

1. General description of the method of integration: The program.
regards the normal surface as a gridof 2,228 areas of known frequency.
The grid is uniquely defined by the parameters of distribution density.
The program locates the centroid of each such area in the polar
coordinates of the bivariate and accordingly tabulates the known
frequency in the appropriate speed-direction group.

2. Assumptions employed in deriving the grid of areas of
known frequency: The normal surface may be visualized as a bell
shaped mound with elliptical horizontal cross-sections, its axis of
symmetry representing the ordinate which measures density of distri-
bution frequency and perpendicular to the plane which measures vector
variates. The equation for distribution density (the normal surface)
is given* for a point (x,y) in cartesian coordinates coincident with the
principal axes of the distribution:

C' ae_1[(N/ El) 2 + (17E2)2

x~y 2.E I E Z'

* Yule and Kendallop. cit.
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The exponent in equation (17.a) is elliptical in form. Let a cross-
section of the distribution be identified with the parameter,ý, such
that

X2 y2 2

E2 E2 (1 8.a)
1 2

The parameter t identifies an ellipse which intersects the major axis

of the distribution at the point EtI and the minor axis at the point
E 2 ). ), then, is a factor of proportionality relating elliptical cross-

sections of the distribution, and is everywhere constant along the
perimeter of an ellipse. It follows from equation (17.a) that the density
of distribution is likewise constant at each point along the perimeter
of an elliptical cross-section. and that it may be given:

0= ----- (17.b)

Let the polar coordinates (ROO) be defined such thatj = cos0;
sin0. Then x = RcosO; y a R sinO. and the ellipse, equation (L".a)
may be expressed in the polar coordinates (RO):

R2 z E12E 2 22 I (E 22cos2 +E12sin20) a ME 2 (18.b)

and x = E coso, y z Eýsin0

The frequency of distribution is given for a segment:

Fx,y •~
F x y f x y d(1.a

It is convenient to integrate equation (19.a) between ellipses. Then
the integral (19.a) may be transformed to the elliptical coordinates.
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.0 f f 0 ( q ) dt dO (19.b)

where the Jacobian, J x - x = E (20)

so that Ft 0 = f fa-, E 2 4 dl dO (1 9.c)

0

Since k and 0 are mutually independent, functions involving t only
may be extracted from equation (19.c) as constants with respect to
0, and conversely. Then, integrating between the limits tI and t..
01 and 02:

1 2
')'0 IrE IE 2 [4 1 J'e 44[f dOJ (21)

(e~ 24~~ 4 E 4  0 arctanLIltan0i)l (22)
-j(e -C arctan\..jPtan 02/- \E2\E2 -2 "

Evaluating equation (22) between the limits (t4 = 0. t2 a t) and
(01 = 0, 02 = Zr) provides the frequency of distribution enclosedby the ellipse4 :

F(t) =1 - e (23)

Conversely, given the frequency of distribution, F, enclosed by an
ellipse, to identify thek parameter of the ellipse:

4= [-2z ln(l - r)]Tf (24)

It may be noted that the 0 integral in equation (21) provides the
area of the sector of the unit ellipse which is subtended by the angle
(0z - 01). The t integral provides the frequency of distribution between
the ellipses t Iand t . The equation (21) therefore shows that sectors

8



including equal areas of the unit ellipse likewise include equal fre-
quencies of the distribution in the ring between adjacent ellipses. The
normal elliptical distribution may therefore be subdivided into seg-
ments of known frequency, employing a grid of sectors subtending
equal areas of the unit ellipse and ellipses enclosing known frequencies
of the distribution.

The grid of sectors of equal area may be derived by employing an
arbitrary parametric angle.* , such that points on the unit ellipse
may be given in cartesian coordinates coincident with the principal
axes of the distribution:

P (EI co4,. E2 $in#) (25)

Ez

accordingly, tan 0 tan 41

so that the area of the sector defined by * is given:

EIEZ = E

arctan 
2Lnta

E 2

and integer multiples of the parametric xngle @ shall define integer
multiples of the unit sector area defined by * .

Given the grid of segments of known frequency, it is required to
find a representative point in each segment such that if the segment
overlaps adjacent speed-direction groups the point shall be tallied in
the group containing the greatest portion of the segment frequency.
The centroid of the segment may be regarded as the desired repre-
sentative point. The coordinates of the centroid of a segment may be
determined, in cartesian coordinates, (xy), coincident with the principal
axes of the distribution:

f fx xy dxdy Yf xfy dx dy

r ... (26)

yJ Ox y dxdy xdy



Since x = Ei't cos9, y = E 21¶ sin*

the equations (26) may be transformed to the elliptical coordinates.

z f- , ffE tcos*, Rt J(• t,)d dd

,fx Y)dt d*

E l *f~frw t2 cost dt d*

* ftf d4  d*

x E 1  40 ,fcosv, d* (27)
S.qfd*,

where H1kJ J 2 t 42 d4'. F(t fe- 2

Likewise, fy E 2 H()) sfin d* (28)

TMI * fd *

F(t). evaluated between ellipses tj-I and tj provides the frequency of

distribution between the two ellipses. Ae function. H(t), may be
evaluated between the same limits:

H(b] ;i j t dt (.l)n ( 2n+3 - t2n+3 (39)

" n0 2 n (2n+3) nI
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Let (n- 3, define successive rays including sectors of equal areas
in the unit ellipse for n = 0, 1, 2, etc. Then inte rating the equations
(27) and (28) between the limits (tj-l), (ki)and (nf2 )i, (n+i)q•provides
the components, Pjn, of the centroid of the corresponding segment:

That i., the ray defined by n • bisects the area of the sector defined
between the rays (n-4) • and (n+4h)• and so bisects the frequency of
distribution included in the sector. It may be noted that when n = 0.
p 1 0 is proportional to the module, EE, of the major axis. When n(30

j~nwher T; is proortona and the =o e E2 sfth inoai.Th

The functionh G(ra) is the factor providing correction for sector
parallax. It may be noted that as the parametric angleX • approaches
the limt, 0p G(o r approaches the limite , , so that the sector parallax

error vanishes as the sector angle vanishes.

The parameters j nand ntthus define the grid of segment centroids,

and may be predetermined. The equation (30) relates the grid to the
individual rose operated upon by the program. Grid choice i# arbitrary.

Grid segments were defined for this program so as to %nclose discrete
values of distribution frequency. The corresponding,(j values were
then calculated employing equations (25), for given n-Intervals, and

(24). The grid was chosen for segment definition such that segment

areas would be of comparable magnitude and of similar shape, and
such that maximum programming advantage could be taken of grid

symmetry. The grid specifications are presented in table I.
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3. Locating the segment of known frequency in the grid of direction-
speed interval classes: The equation (30) expresses the point, R. n,
in cartesian coordinates coincident with the principal axes of tgae
distribution, and is transformed to components in the coordinate
system of the bivariate with the equations:

XJon z (EIcosO)d cos n4 - (E 2 sinO) (sin n*) + X

Yn a (E cosO) (T sin n*) + (E sinO)(•.coo n*) + (31)J l j Vy (31)

The point is located within the limits, VI and V2 . of a designated
speed interval class if

VI 2 < (X 2 , + Y2) V2
2

The point is located within the appropriate octal direction class
according to the following logic:

located .octant

(1) UIf Xj~ i tanZ-2* 3"yj. I then: (a) if Xi~ ~0, EAST

(b) otherwise, WEST

(2 if ,J~ I tan221- ~j1 Xn . then: (a) if Yjn''0' NORTH

(b) otherwise, SOUTH

(3) Otherwise, if XJn > 0, then: (a) if YJ0n >0, NORTHEAST

(b) otherwise, SOUTHEAST

(4) Otherwise, XJon < 0, then: (a) if YJon 2,0, NORTHWEST

(b) otherwise, SOUTHWEST
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IV. ROSE QUALITY EVALUATION

It was not practical to hand-calculate a rose for control results
after the manner employed by the program. Hand-calculation of a
single rose would have required several months to perform, and would
at best have provided a check against the arithmetic of the program
rather than a check against fundamental program logic. Rather, test
data known or assumed to be normally distributed were processed by
the program and the results were examined for correspondence with
the test data.

A. Brooks' circular normal rose data

Brooks'* roses supplied from tables were used as one source
of test data. These roses are theoretically characterized by normal-
circular distribution and are useful for testing the program logic.
equation (30)9 for the special case, El a E 2 . The table roses, however,
are derived by graphical interpolation methods, and may not be exactly
normal nor circular in fact. A representative test sample is provided
in appendix I. The Brooks' data rose is listed along with the components
of the vector and scalar means which theoretically identify it. The
program image of the data rose is listed for easy comparison.

B. Program roses as test data

Theoretically, the program supplies roses which are elliptically
and normally distributed. Consequently the program rose supplies data
ideal for a test against itself. A representative sample test is provided
in appendix II.

C. Analysis of test results: This test provides an index of rose
degeneration due both to the method of rose frequency integration and
to the method (Section III.A.2) for calculating the parameters of the
data rose. The method of rose frequency integration may be expected
to produce distortions in the image rose because of segment area
overlap between adjacent speed-direction groups. However, the fre-
quency tabulation error due to the overlapping of a segment between
adjacent speed-direction groups may be either positive or negative
for a group, and the collection of such errors tend in general to cancel

* Brooks and Carruthers$ "Handbook of Statistical Methods in Meteorol-
ogy." M. 0. 538. London. Her Majesty's Stationery Office. 1953;
Chapter 11.
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as the frequency population of the group is tallied. The method of
frequency integration therefore probably does not account for consistent
divergences between the data rose and its program image. Distortions
due to this method maybe likenedtoa "white noise* which is diminished
In intensity as the frequency grid is divided into smaller and smaller
segments. The method (Section UI.A.2)0 on the other hand, may be
expected to produce image rose values for the scalar mean and vector
deviations, E 1 and E 2, which consistently exceed the corresponding
values for the data rose.

In appendix I it may be noted that El and E 2 are only approximately
equivalent. This may be taken to indicate either that the object rose
does not represent an exactly circular distribution or that the method
for calculating the parameters of the data rose may thus distort the
relationship between these parameters. The more probable alternative
is that the object rose does not represent an exactly circular distribu-
tion; in appendix H, wherein a program rose is compared with its own
image, it may be noted that the inclination of the major axis and the
ratio of deviations between the principal axes closely coincide.

The distortion due to the method of calculating parameters of the
data rose is. however, apparent in both the Brooks' and program rose
samples; that is, the program image values for the scalar mean velocity
and the vector deviations exceed the corresponding parameters for the
test rose. Nevertheless, corresponding values between the test roses
and their program images are clearly similar, particularly for the
program rose. Such similarity suggests that the program logic is
successful, and that rose distortion due to segment overlap error is
small. Unfortunately, the precise extent of segment overlap error is
masked by the distortion which may be attributed to the method for
calculating data rose parameters. The error introduced bythe program
method for frequency integration cannot be estimatedwith any precision

* .from these test results.

D. Conclusion: The program can probably be improved by applying
an interval correction function to the method (Section M.A.Z) for
calculating the parameters of a data rose. Doubtless, too, there is a
more efficient method for integrating frequencies of the distribution in
the speed-direction interval classes. However, test samples suggest
that the program rose is of substantial quality, and that the program
may be employed confidently whenever program application is war-
ranted.
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Appendix Is TBEIT" DATA ROSE

Speed granps: 1, 00 -10; lit 10 - 2;To , 11:0,o .-

(kmots) IV, Ito -60; v, 60 - 10; Vie 1.0"

Teot pror To t prmog
r'ose IM ge diff] ros zim £;Oe M., 9

man 26, 29.00 2.05 S 1 1110 103 .10
V, -19.10 .19.j5 .Ash 11 2.80 2o92 .12
VY - 6.o - 6.50 .10 111 5.20 5.56 .36

Oln - -. 99625 * - IV 1,20 1.59 .39
El -8i.0b& -v 0 it& .1.4
12 n16.85 - V 0 o 0

SI Jo0 .8Is .04 Am 1,.40 1.38 .02
IT 1.ko 1.52 .012 1 5,50 5.07 .143
M!! 1.5o Io.V7 aa8 1I1 17.90 15.67 2.23
Iv .30 .29 .01 IV 6.,0 7M5 e75

V 0 0 0 y At . 0? 5•
Vi 0 0 0 VT- 0 0 0

.50 .6i .1 al I 1.450 1.38 102
SO.~ .76 A-% !5.~90 5.35 455IT! .5o ,53 0o, I!! 19o30 17.252 1.8•,

IV 0 0 0 IV 7,00 7.-5 3 58
v 0 0 0 v .60 .95 .33

a0 0 0 vIr 0 0 0

I .50 .!;6 106 g 1 1.20 1.1% o06
II .70 .78 .06 11 3",90 32A 0o6

III ho2 .255 .055 in 174k0 . .!;8

IV 0 0 0 Iv i!ng0 2.!; .5.
V 0 0 0 V .10 .21 oil

VI 0 0 0 vX 0 0 0

070 A5 .05 ¶RRAL 7,60 7X,; I'm
1I 1.20 14.22 .02 11 zie60 2,.8

111 1.00 1.,18 is11189 k C', ý ~ 5 2 ý
IV .10 atk .0b Iv 27.0 1q1 2Jn
V 0 0 0 v 1030 20r
vi 0 0 0 17 0

'The anglo 0 Isi in the, fourth quadr~t
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Appea;fLx MI PROGRAM TWT DATA P4=l

Spewsgroups$ 19,00 -10; 119 10 - 2111 0;I z . 401

(knots) IV* ho - 601 V9 60 - 100s V19 100.

Test pi'op l fTent~ proorma

Ewen~ 29.07 !50,8 1.1 ol I .78 .66 z
Vz 44.h71 --1t&.77 .06 II 1039 1.49 '10
Vy 1O.49 10-52 *009 M 1.61 1,80 .I12

NIM9O .7350b .73973* .00C43I9 IV .ZIh 033 .09-
11 20.16 U03!0 1.1k V 0 0 0
32 18.299 19.38 1.09 VI 0 0 0

91/"2 1.102 1.099 .00.9

1 1.20 1.08 .12 1I 1.08 1.06 0
I1 3.60 3.24 .36 11 2.56 z2bo is
Mr! 9.15 8.95 4122 111 5.21 5.38 .17
TV 5.80 hali Ali IV 1.70 .53 39
v 952 .74 C. z v 020 .54 .14

VI 0 a 0 VI 0 00
* * 0*

IM I .96 090 .06 JE 1 1.26 1.08 i
1I 2.07 2.04 .0M Ix 432 3.96 ,,96

111 3.42 3.50 .12 111 12.12 11.46 .6
Iv .86 1.16 .5 V 5.95 61"2

V .07 .14 .07 V r.9 1L.34 .
VI 0 0 0 V1 0 0 0

1- I 72 972 0 atl 1.58 1.52 .06
II 1.18 1.26 .06 11 4.88 11-47 AI1

111 1,08 Lis, z26 inI 14.88 135.35 1.03
IV Si5 *is .00 IV 7.07 7.22n J14
V 0 0 0 V 1.09 1057 4

V1 0 0 0 VI 0 0 0

.78 S72 .06 TOMAL1 8.16 7.56 .60
UI 097 1.05 008 II 20.99 19.91 1.08

inI .71 .94 .23 lin t.a.8s b,.94 1.2a
IV .10 Oil .01 IV 19.8-,v z1I~k 3L..
V 0 0 0 V 2.60 k.1B 1.38

VI 0 0 0 VI 0 0 0

SBoth angles are In the first quadrent
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